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Abstract The paper presents new and improved numerical methods designed for analysis of mechanical systems with uncertain parameters.
Uncertain parameters in mechanical systems are described by means of possibility theory. The main representatives of this theory are fuzzy
and interval numbers. Algorithms using interval and fuzzy numbers are incorporated into the analysis. The possibilities and efficiency of
suggested methods and algorithms are tested by programs created in the environment of the software package MATLAB.
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1. Introduction

The real world features a significant degree of un-
certainties. There have been numerous attempts to
describe the real phenomena with various means to
capture them as accurately as possible. No mathemati-
cal model is able to describe all the features of the real
system. The problem is to set up a suitable model
which would provide us with relevant information
about the real situation in mathematical terms
as concisely as possible. In technical practice, uncer-
tainties occur in the form of various technical parame-
ters as production and operational parameters, experi-
mentally obtained values and material characteristics,
loadings, rounding errors, problems of solution stabil-
ity, errors of used methods, etc. (TRSKO L. 2016,
ULEwICZ R. 2014). From the viewpoint of mathemati-
cal description, uncertainties can be divided into two
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groups — mathematically inexpressible (verbal), and
expressible (applying an appropriate theory).

2. Analysis of known approaches

Many numerical methods are used to describe the
behaviour of complicated technical systems. The most
probable sources of uncertainties in analyses are pa-
rameter uncertainties, discretisation errors, rounding
error, errors of the method or algorithm, etc.

The Monte Carlo method uses for further analy-
ses properly generated random values. The principle
lies in mapping an applied series of analyses for ran-
domly generated uncertain system parameters. It is
possible to obtain a map of solution which describes
the area of all possible solutions for a given problem.

To solve tasks using the MC method requires
a multitude of random numbers. Random numbers are
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generated with the support of the so called generators
of random numbers (SAGA M. 2009, DEKYS V. 2006).
The advantage of the MC method is that it is not nec-
essary to know the exact relationships among given
and searched values of the task. The most relevant is
the use of the method for calculations and optimisation
in the field of mechanical engineering, mainly for op-
timisation of parameters of mechanical systems and
constructions  (HURTALOVA L. 2015, JAGUSIAK-
KocCik M. 2014).

Interval analysis is used for calculations with real
number intervals. While common calculation is influ-
enced by rounding errors and produces inaccurate re-
sults, interval arithmetic has the advantage of precise
boundaries for precise solutions. If any parameters are
not given precisely but with the interval in which they
lie, then the problem can be solved with the algorithm
using interval arithmetic (NEUMAIER A. 1990).

If the interval’s lower and upper boundaries can be
rounded down or up, each of them individually, then,
the final exactness of result can be achieved using the
interval to express the neighbourhood of exact solu-
tion. It is easy to realise it as there are algorithms
which use intervals instead of real numbers. The idea
of boundary rounding errors using intervals was put
into practice in 1950 (ZADEH L.A. 1965). The real
interval x is a non-empty set of real numbers

x=(x,X)={xeR:x<x<X}, (1)
where x is denoted as infimum and x is denoted as
supremum. If the following is given

x=[xx] and y=[y,y], )
then four basic operations (op) are defined:
xopy={xopy:xex yey}, ope{+,—x=+}. (3)

The division by an interval containing zero is not
defined for elementary interval operations. This re-
striction can be removed using the so called extended
interval arithmetic. Associative and commutative rules
hold for the sum and multiplication, with the exception
of special cases because in interval arithmetic the dis-
tribution law does not apply (MOORE R.E. 1979).

Fuzzy arithmetic is an efficient aid in solving en-
gineering problems with uncertain parameters. Practi-
cal use of standard fuzzy arithmetic seems problematic
due to the so called overestimation effect which causes
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a less or more significant deviation between the arith-
metic and calculated problem solution. In general,
these deviations can be reduced or completely re-
moved. Numerical tests prove that the implementation
of fuzzy arithmetic seems problematic also because
some results of the analysis do not include only natural
uncertainties (directly induced in the model parame-
ters), but also some other unnatural uncertainties, i.e.
generated by the procedure of the solution itself
(KAUFMAN A. 1991, HANSS M. 2000).

On the one hand, fuzzy numbers can be imple-
mented as L-R fuzzy numbers. In this form,
the number of members in a fuzzy number is charac-
terised by the increasing left-hand side and decreasing
right-hand side branch. These are appropriately ex-
pressed by parameterised functions belonging to the
defined class of basis functions. The fuzzy number
type is then referred to as triangular fuzzy number
A=(a;, a,a3) or as trapezoidal fuzzy number
B = (by, by, bs, by). The successful use of fuzzy num-
bers with any shape of membership functions can be
complicated and the evaluation of simple non-linear
operations is problematic due to the change in the type
of basis functions. The membership functions are
given in Fig. 1 (ZHANG H. 2005).

Ha (X) 0 X<a,
N X—a
! I L a, <x<a,
| a -
| ﬂA(X): 1 X=a,
' a; — X
| a, <x<a,
| Q-
: 0 x> a,
| X
a, a, a,

Fig. 1. Fuzzy number A and membership function.
Source: ZHANG H. 2005.

3. Algorithmisation of computing tech-
niques

The application of interval arithmetic faces the
mentioned problem — the overestimation effect. Its
elimination is possible only when meeting certain
above mentioned assumptions which significantly
influence the time efficiency of calculation procedures.
The chapter analyses approaches used or proposed by
the author and co-authors.
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Monte Carlo method (MC) — the use of the MC
is a time consuming but reliable solution procedure.
Generating various combinations of deterministic val-
ues of uncertain parameters and by the consequent
solution accomplished in the deterministic sense,
a complete series of results is obtained and properly
processed (Fig. 2a). The random matrix of inputs Qpnum
is generated, n is the number of indefinite inputs and m
is the number of generated inputs according to the
relation ¢; € (a; b;). The matrix Q will have the form
Q=1[dqs, 92 ..., qm]- The set of solutions is obtained
where the following expression will be for i-th solution

P.=P(q;) if i=1,..,m. (4)

The value determination for the infimum and supre-
mum solutions is

inf P=minP and supP:maxIS .

()

Method for evaluation of solution in marginal
values (COML1) — it has its physical reasoning for
many engineering tasks. The approach is based on the
consideration that extreme values at the output are
obtained applying the extreme values of parameters for
the input (HARGREAVES G.I. 2002). The infimum solu-
tion is obtained by the deterministic analysis for all the
infima and the supremum is determined by determinis-
tic analysis of the indefinite parameter suprema
(Fig. 2b). Two values generated in the solution are at
the same time the resultant values, i.e., they represent
the resultant infimum and supremum. The vector of
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possible solutions to P is obtained by the deterministic

analysis
P_p Pint .
psup

The searched extreme values of the solution are
obtained as in the equation (5). The drawback of this
method is that in the process of analysis, significant
deviations and inaccuracies in the results occur in
comparison with some other methods used for the
problem solution.

(6)

Method for evaluation of solution for all combi-
nations of marginal values (COM2) — this approach
seems to be more suitable. The combinations of the
minimum and maximum values from the entire inter-
val solution are also considered (Fig. 2¢). The method
gives satisfactory results and can be termed as reliable
although there may again be a doubt concerning the
existence of extreme solution for the internal values.
The vector of possible solutions to P is also obtained
by the deterministic analysis

ﬁ =P [|:E;:fpj| [p‘irnf ' pl'up ]} .

The searched extreme values of the solution are
again obtained as in the equation (5). Method is time
consuming, which, of course, grows with the number
of input values of indefinite parameters in mutual
combining their infima and suprema. Yet, it is incom-
parably less time consuming that the MC.

()

- area of possible solutions
- generated solutions

- infimum solution

- supremum solution

Fig. 2. Set of solutions for the function P using the proposed methods

Source: V4$ko M. 2007
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Method for seeking inf-sup solution applying
the optimising procedure (OPT) — the aim of the
method is to reduce a great number of analyses per-
formed in the MC application and, at the same time, to
eliminate the problem arising from the possible exis-
tence of infimum or supremum from the interior
of interval parameters (COM1 and COM2). After the
comparison and consideration of individual optimisa-
tion methods, it was decided to implement for further
analyses the method applying genetic algorithms for
optimisation (Fig. 2d). The method is relatively robust,
it gives very good results and reliably achieves the
global minimum or maximum (VASKO M. 2007).

The vector piy that would meet the condition
Pint — Min or the vector pg, with the condition pgy,
— max is being looked for. The advantage of this
method is the finding of such combinations of the vec-
tor p members that it is possible to obtain from them,
using deterministic analysis, the searched values
of infimum and supremum. Then

ian:P(pinf) and SUpP:P(pwp)' ®)

4. Conclusion

The use of fuzzy sets or interval numbers to solve
the tasks of engineering mechanics opens new possi-
bilities for quality assessment of mechanical machines.
The results either in the fuzzy form or in the form
of interval numbers provide a lot of information re-
lated to the cumulation of any (even slight) inaccura-
cies in constructional parameters.

The presented paper points out that even with
more numerous indefinite system parameters defined
by fuzzy or interval numbers it is possible to achieve
the result with a relatively great range of boundary
values. This leads to the assumed conclusion that the
more indefinite parameters enter the system, the more
significant the uncertainty of resultant values is.
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